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ABS TRACT 
The general structure of a viscoplastic theory is developed from physical 
and thermodynamical considerations. The flow equation is of classical form. 
The dynamic recovery approach is shown to be superior to the hardening 
function approach for incorporating nonlinear strain hardening into the 
material response through the evolutionary equation for back stress. 
approach for introducing isotropic strain hardening into the theory is 
A novel 
presented, which results in a useful simplification. In particular, the 
limiting stress for the kinematic saturation of state (not the drag stress) is 
the chosen scalar-valued state variable. The resulting simplification is that 
there is no coupling between the two state variables in the flow equation, and 
there is no coupling between dynamic and thermal recovery terms in each 
evolutionary equation. 
structure of a two-surface plasticity theory when the response is plasticlike, 
and the structure of a Bailey-Orowan creep theory when the response is 
The derived theory of viscoplasticity has the 
creeplike. 
I. INTRODUCTION 
The development o f  power systems with greater thermodynamic efficiency 
makes the need for accurate analytical representations of inelastic 
deformation a necessity. These mathematical models must be capable o f  
accurately predicting short-term plastic strain, long-term creep strain, and 
the interactions between them. Multiaxial, cyclic, and nonisothermal 
c o n d i t i o n s  a r e  t h e  norm, n o t  t h e  e x c e p t i o n .  T h i s  f o r m i d a b l e  t a s k  has r e c e i v e d  
c o n s i d e r a b l e  a t t e n t i o n  o v e r  t h e  p a s t  t h r e e  decades, r e s u l t i n g  i n  an emerging 
f i e l d  o f  cont inuum mechanics c a l l e d  v i s c o p l a s t i c i t y .  
The t h e o r e t i c a l  development o f  v i s c o p l a s t i c i t y  has i t s  o r i g i n  w i t h  t h e  
works o f  STOWELL (19571, PRAGER C19611, and PERZYNA C19631, whose t h e o r i e s  d i d  
n o t  c o n t a i n  e v o l v i n g  i n t e r n a l  s t a t e  v a r i a b l e s .  The f i e l d  blossomed i n  t h e  
1 9 7 0 ' s  when r a p i d  advances i n  comput ing t e c h n o l o g y  enab led  a c c u r a t e  s o l u t i o n s  
I 
I 
I t o  be o b t a i n e d  r e a d i l y .  I n t e r n a l  s t a t e  v a r i a b l e  t h e o r i e s  began t o  appear i n  
I 
t h e  models o f  GEARY & ONAT (19741, BODNER & PARTOM C19751, HART C19761, MILLER 
C19761, PONTER & LECKIE C19761, CHABOCHE 119773, KRIEG e t  a l .  C19781, and 
ROBINSON C19781. T h e o r e t i c a l  r e f i n e m e n t s  have c o n t i n u e d  t o  o c c u r  t h r o u g h o u t  
t h e  1 9 8 0 ' s  i n  t h e  models o f  STOUFFER & BODNER C19791, V A L A N I S  C19801, WALKER 
C19811, SCHMIDT & MILLER C19811, CHABOCHE & ROUSSELIER C19831, E S T R I N  & MECKING 
C19841, KREMPL e t  a l .  C19861, LONE & MILLER C19861, and ANAND & BROWN 119871. 
Reviews o n  v a r i o u s  a s p e c t s  o f  v i s c o p l a s t i c i t y  have been w r i t t e n  by PERZYNA 
C19661, WALKER C19811, CHAN e t  a l .  C19841, LEMAITRE & CHABOCHE 119851, and 
SWEARENGEN & HOLBROOK C19851. A l t h o u g h  t h i s  l i s t i n g  i s  by  no  means comple te ,  
i n  v i s c o p l a s t i c i t y  and o f  i t  i s  r e p r e s e n t a t i v e  o f  t h e  work t h a t  has been done 
t h e  a t t e n t i o n  t h a t  i t  has r e c e i v e d .  
I 
The purpose o f  t h i s  paper i s  t o  s y s t e m a t i c a l l y  
i c a l l y  a d m i s s i b l e  s t r u c t u r e  o f  a un ique t h e o r y  o f  v 
eqn (20 ) ) .  T h i s  t h e o r y  i s  un ique i n  how i t  account  
op t h e  thermodynam- 
a s t i c i t y  ( g i v e n  i n  
i s o t r o p i c  h a r d e n i n g ;  
o t h e r w i s e ,  i t  i s  c o n s i s t e n t  w i t h  t h e  c u r r e n t  s t a t e  o f  t h e  a r t .  I t s  development 
was most s t r o n g l y  i n f l u e n c e d  by  t h e  v i s c o p l a s t i c  t h e o r i e s  o f  PONTER & LECKIE 
119761 and CHABOCHE 119771. P o n t e r  and L e c k i e ' s  t h e o r y  i s  based o n  a B a i l e y -  
Orowan t h e o r y  o f  c reep (BAILEY C19261 and OROWAN [19471) ,  whereas Chaboche's 
deve 
s cop 
f o r  
2 
t h e o r y  i s  based on a two-sur face  t h e o r y  o f  p l a s t i c i t y  (DAFALIAS & POPOV [19751 
and KRIEG C19751). Others  have a l s o  f o r m u l a t e d  v i s c o p l a s t i c  t h e o r i e s  based on  
those o f  Ponter  and L e c k i e  (e.g. ,  ROBINSON C19781) and Chaboche (e .g . ,  WALKER 
C1981 I ) .  
The concept  o f  i n t e r n a l  s t a t e  v a r i a b l e s ,  as i t  a p p l i e s  to  p o l y c r y s t a l l i n e  
m e t a l s ,  and t h e  thermodynamic c o n s t r a i n t s  p l a c e d  on  t h e  t h e o r e t i c a l  f o r m u l a t i o n  
a r e  d iscussed i n  t h e  n e x t  s e c t i o n .  I n  S e c t i o n  111, an Q-form t h e o r y  o f  
v i s c o p l a s t i c i t y  i s  d e r i v e d  for  k i n e m a t i c  h a r d e n i n g  m a t e r i a l s .  
t o  i n t r o d u c e  n o n l i n e a r  s t r a i n  h a r d e n i n g  i n t o  t h e  t h e o r y  a r e  compared i n  
S e c t i o n  I V .  
f u n c t i o n  approach f o r  r e a l i s t i c  m o d e l i n g  of m a t e r i a l  b e h a v i o r .  A n o v e l  
approach fo r  i n c o r p o r a t i n g  i s o t r o p i c  h a r d e n i n g  i n t o  t h e  t h e o r y  i s  p r e s e n t e d  i n  
S e c t i o n  V, where in  t h e  l i m i t  s t r e s s  f o r  t h e  k i n e m a t i c  s a t u r a t i o n  o f  s t a t e  i s  
c o n s i d e r e d  t o  be t h e  independent  s t a t e  v a r i a b l e .  
11. INTERNAL STATE 
Two approaches 
The dynamic r e c o v e r y  approach i s  p r e f e r r e d  o v e r  t h e  h a r d e n i n g  
T h i s  paper addresses i s o t h e r m a l  m a t e r i a l  b e h a v i o r  o f  v i s c o p l a s t i c  
m a t e r i a l s ,  such as p o l y c r y s t a l l i n e  m e t a l s .  Each m a t e r i a l  e lement  i s  c o n s i d e r e d  
t o  be i s o t r o p i c  and t o  c a r r y  no  s t r e s s  i n  i t s  i n i t i a l  v i r g i n  c o n d i t i o n .  B u t  
w h i l e  each m a t e r i a l  e lement  deforms homogeneously, i t  may l o s e  some or a l l  o f  
i t s  m a t e r i a l  symmetr ies.  Smal l  s t r a i n s ,  d isp lacements ,  and r o t a t i o n s  a r e  
c o n s i d e r e d  t o  compose t h e  d e f o r m a t i o n  o f  each m a t e r i a l  e lement .  The 
f o r m u l a t i o n  o f  t h i s  s e c t i o n  i s  based on t h e  works of Onat and h i s  c o l l e a g u e s  
( e - g . ,  GEARY & ONAT [19741, ONAT C19861, and ONAT & E C K I E  C19881). 
The changing i n t e r n a l  s t r u c t u r e  o f  a m a t e r i a l  e ement i s  c h a r a c t e r i z e d  by 
t h e  p a i r  ( u , S > ,  where u i s  t h e  s t a t e  o f  s t r e s s  and i s  t h e  s t a t e  o f  a 
f i n i t e  number of i n t e r n a l  s t a t e  v a r i a b l e s :  t h a t  i s ,  S = { g , 2 2 ,  . . . , ~ n } .  The 
I ., 
3 -  
s t r e s s  accounts  f o r  t h e  e l a s t i c  (or r e v e r s i b l e )  changes i n  i n t e r n a l  s t r u c t u r e ,  
w h i l e  t h e  i n t e r n a l  s t a t e  v a r i a b l e s  account  for t h e  i n e l a s t i c  (or i r r e v e r s i b l e )  
changes i n  i n t e r n a l  s t r u c t u r e .  These i n e l a s t i c  changes i n f l u e n c e  t h e  f u t u r e  
response o f  t h e  m a t e r i a l  e lement .  
i n  two s i m i l a r  exper iments  f o r  t h e  c l a s s  o f  The b e h a v i o r  observed 
m a t e r i a l s  o f  i n t e r e s t  i s  g 
d i f f e r s  from t h a t  o f  exper  
i n t e r n a l  f o r c e s ,  where t h e  
ven i n  Tab le  1 .  The s t r e s s  h i s t o r y  o f  exper iment  2 
ment 1 by  a c o n s t a n t  r o t a t i o n  Q of t h e  r e s p e c t i v e  
s u p e r s c r i p t  T denotes i t s  t r a n s p o s e .  Here E i s  - 
t h e  s t a t e  o f  s t r a i n ,  50 r e p r e s e n t s  t h e  v i r g i n  s t a t e  o f  t h e  i n t e r n a l  s t a t e  
v a r i a b l e s ,  and t i s  t i m e .  The o p e r a t o r  PQ i s  d e f i n e d  by  
PQS = { P q i l  ,Pq52,. . . ,Pqsn) where Pq a r e  1 i n e a r  t e n s o r  t r a n s f o r m a t i o n s  
a p p r o p r i a t e  t o  t h e  r a n k  o f  tensor  on  wh ich  t h e y  o p e r a t e .  The c o n d i t i o n  of an 
i s o t r o p i c  v i r g i n  s t a t e  50 = PQ$ i s  s a t i s f i e d  i n  t h e s e  e x p e r i m e n t s .  
T h i s  paper  c o n s i d e r s  m a t e r i a l s  whose mechanica l  b e h a v i o r  a c c e p t s  t h e  
g e n e r a l  c o n s t i t u t i v e  r e p r e s e n t a t i o n  
I such t h a t  
where a d o t  o v e r  a v a r i a b l e  denotes i t s  t i m e  r a t e  o f  change. 
e = 1 . 5 ~  - 0 . 5 t r ( ~ > I  i s  a d e v i a t o r i c  s t r a i n ,  and t h e  q u a n t i t y  
The q u a n t i t y  
- ,., - -  
( l a )  
( l e )  
S = 1.50 - O.Str(u)I i s  a d e v i a t o r i c  s t r e s s ,  where I i s  t h e  u n i t  t e n s o r .  - - - 
4 
B o t h  a r e  n o r m a l i z e d  f o r  u n i a x i a l  d e f o r m a t i o n .  G iven a C a r t e s i a n  c o o r d i n a t e  
s y s t e m ,  tr(X> = X i i  where X r e p r e s e n t s  any second r a n k  t e n s o r  and where 
r e p e a t e d  i n d i c e s  a r e  summed o v e r .  E q u a t i o n  ( l a )  d e f i n e s  t h e  volume s t r a i n ,  
where E and v a r e  t h e  i s o t r o p i c  e l a s t i c  c o n s t a n t s .  A c c o r d i n g  to  eqn ( l b ) ,  
t h e  d e v i a t o r i c  s t r a i n  r a t e  e 
l e  = ( 1  + v > S / E  and an i n e l a s t i c  s t r a i n  r a t e  
t h e  p r e s e n t  i n t e r n a l  s t a t e .  The i n e l a s t i c  s t r a i n  EP i s  d e v i a t o r i c  b y  
d e f i n i t i o n ,  i m p l y i n g  p l a s t i c  i n c o m p r e s s i b i l i t y  i n  agreement w i t h  eqn ( l a ) .  
- - 
i s  t h e  sum of a d e v i a t o r i c  e l a s t i c  s t r a i n  r a t e  
EP = E(u,S> t h a t  depends on  - - ., - -  
- 
The i n t e r n a l  s t a t e  v a r i a b l e s  e v o l v e  a c c o r d i n g  t o  eqn (IC), where 
. .  
and G = { g ~ , g 2 , .  . . ,gn}. The absence o f  a 0 t e r m  i n  - S = E21 , ~ 2 , .  - - ,&,I .., 
eqn (IC) i m p l i e s  t h a t  sudden changes i n  t h e  l e v e l  of s t r e s s  leaves  t h e  i n t e r n a l  
s t r u c t u r e  unchanged. Such c o n s t a n t  s t r u c t u r e  exper iments  p r o v  de u s e f u l  
i n f o r m a t i o n  about  t h e  s t r e s s  dependence of EP = - -  F(u,S) .  
c o n d i t i o n s  o f  eqns ( I d )  and ( l e )  a r e  i n  agreement w i t h  t h e  c o n s t r a i n t s  o f  
T a b l e  1 .  
The i n i t  a1 
.., w -  
A s  a consequence o f  thermodynamics,  t h e r e  e x i s t s  a d i f f e r e n t i a b l e  r e a l -  
v a l u e d  f u n c t i o n  @(u,S> such t h a t  for a l l  de format ions  o f  i n t e r e s t  - 
where $ 2 0 w i t h  t h e  e q u a l i t y  h o l d i n g  o n l y  i n  t h e  s t r e s s - f r e e  v i r g i n  s t a t e  
tQ,S,)  ( c f .  ONAT & LECKIE [19881) .  
done on a m a t e r i a l  e lement  must equal  or  exceed t h e  r a t e  o f  i n c r e a s e  i n  t h e  
f r e e  energy 0 o f  t h e  m a t e r i a l  e lement  under  i s o t h e r m a l  c o n d i t i o n s .  G iven a 
C a r t e s i a n  c o o r d i n a t e  system, 2 : h = u i j k j i .  
T h i s  e q u a t i o n  s t a t e s  t h a t  t h e  r a t e  o f  work 
The f r e e  energy f u n c t i o n  o b t a i n e d  from eqns ( 1 )  and ( 2 )  has t h e  form 
where 3 > 0 w i t h  t h e  e q u a l i t y  h o l d i n g  o n l y  i n  t h e  v i r g i n  s t a t e  (Q,S 1. The 
e l a s t i c  compl iance i s  p o s i t i v e  d e f i n i t e ,  and i n  a r e f e r e n c e  c o n f i g u r a t i o n  
Dijkl  = [(I + V)/2E1(SikSj1 + ‘il j k  
-1 < v < 0.5 f o r  an e l a s t i c a l l y  i s o t r o p i c  m a t e r i a l .  
-0 - 
6 ) - (v/E)6i j6kl  where E > 0 and 
The thermodynamic c o n s t r a i n t  o f  m a t e r i a l  d i s s i p a t i v i t y  i s  d e t e r m i n e d  from 
eqns ( 1 > - ( 3 >  t o  be 






i =1 i =1 
The e l a s t i c  modulus E = E-’ e x i s t s  because i s  pos 
thermodynamic f o r c e  T i  c o n j u g a t e  t o  t h e  thermodynamic 
i n t e r n a l  s t a t e  v a r i a b l e )  T i  i s  d e f i n e d  by  v i  = 
t i v e  d e f i n i t e .  The 
d i s p l a c e m e n t  (or 
. E q u a t i o n  ( 4 a )  s t a t e s  
t h a t  t h e  r a t e  o f  i n e l a s t i c  work done on  a m a t e r i a l  e lement  must equa l  or exceed 
t h e  r a t e  o f  i n c r e a s e  i n  t h e  f r e e  energy o f  t h e  m a t e r i a l  e lement  a t  c o n s t a n t  
s t r e s s  due t o  a chang ing  i n t e r n a l  s t r u c t u r e .  Equat ion  ( 4 b )  e s t a b l i s h e s  t h e  
f a c t  t h a t  t h e  f r e e  energy 9 i s  a Lyapunov f u n c t i o n .  S ince  -C : F - -  
q u a n t i f i e s  t h e  r a t e  o f  s t r e s s  r e l a x a t i o n  when E = 0, t h i s  e q u a t i o n  imp1 
t h a t  Q cannot  i n c r e a s e  d u r i n g  s t r e s s  r e l a x a t i o n .  Fur thermore ,  t h e  evo  
- -  
o f  s t a t e  i s  s t a b l e  i n  t h e  sense of Lyapunov d u r i n g  s t r e s s  r e l a x a t i o n .  
es 
c t i o n  
GEARY & ONAT E19741 d e t e r m i n e d  t h a t  t h e  s e t  o f  i n t e r n a l  s t a t e  v a r i a b l e s  
- S = {51,52, . . . ,5n}  must be composed o f  i r r e d u c i b l e  even-rank t e n s o r s .  G iven 
6 
t h a t  i s  composed o f  no t e n s o r s  o f  r a n k  g r e a t e r  t h a n  two (as i s  t h e  case i n  
t h i s  paper ) ,  t hen  i t  must be composed o f  ( a )  s c a l a r s ,  a; ( b )  i s o t r o p i c  t e n s o r s ,  
a = aI; ( c )  a n t i s y m m e t r i c  t e n s o r s ,  a'= -aT; and ( d )  symmet r ic  and t r a c e l e s s  (or 
.., - - .., 
d e v i a t o r i c )  t e n s o r s ,  a = aT, t r (d  = 0. 
A c t u a l l y ,  s c a l a r s  and i s o t r o p i c  second-rank t e n s o r s  possess t h e  same symmetry 
T h e i r  symmetr ies d i s t i n g u i s h  them. 
. . , w  - 
and a r e  t h e r e f o r e  e q u i v a l e n t .  Each a n t i s y m m e t r i c  t e n s o r  i s  a s s o c i a t e d  w i t h  an 
a x i a l  v e c t o r ;  whereas each symmetr ic and t r a c e l e s s  t e n s o r  remains  unchanged 
under 180" r o t a t i o n s  about  i t s  p r i n c i p a l  d i r e c t i o n s  ( c f .  BACKUS C19701). S ince  
t h e  i n i t i a l  s t a t e  i s  i s o t r o p i c  ( T a b l e  1 > ,  a l l  i n t e r n a l  s t a t e  v a r i a b l e s  o t h e r  
than  s c a l a r s  must v a n i s h  a t  t = 0. 
The t h e o r y  deve loped i n  t h i s  paper c o n s i d e r s  two i n t e r n a l  s t a t e  v a r i a b l e s .  
They a r e  = < [ , < I ,  where < i s  a d e v i a t o r i c  t e n s o r  o f  second r a n k  and ( i s  
a s c a l a r ,  such t h a t  i n  t h e  v i r g i n  s t a t e  < ( O >  = 0 and < to>  = (0 2 0: t h a t  
i s ,  50 = tO,<o>. 
e f f e c t s ,  whereas t h e  s c a l a r  accounts  for i s o t r o p i c  h a r d e n i n g  e f f e c t s .  
., .., 
- ., 
The d e v i a t o r i c  t e n s o r  accounts  for  k i n e m a t i c  h a r d e n i n g  
u 
The thermodynamic c o n s t r a i n t  o f  m a t e r i a l  d i s s i p a t i v i t y ,  eqn ( 4 ) .  t h e r e f o r e  
becomes 
or 
where B = &$/a< i s  t h e  back s t r e s s  and L = &$/a< i s  t h e  l i m i t  s t r e s s .  
These a r e  t h e  thermodynamic f o r c e s  c o n j u g a t e  t o  t h e  i n t e r n a l  s t a t e  v a r i a b l e s  
u .., 
5 and (. The sum B : < + L< d e f i n e s  t h e  r a t e  o f  change i n  t h e  f r e e  energy  
u u u  
a t  c o n s t a n t  s t r e s s  due t o  a chang ing  i n t e r n a l  s t r u c t u r e  f o r  t h i s  v i s c o p l a s t i c  
t h e o r y .  In t h e  l i t e r a t u r e ,  t h e  back s t r e s s  B i s  a l s o  r e f e r r e d  t o  as t h e  
.., 
7 -  
internal stress, the equilibrium stress, the rest stress, or the kinematic 
stress. The limit stress L is not, however, equivalent in concept to the 
drag stress (also referred to as the friction stress or the threshold stress) 
as used in the literature. This point is discussed in Section V. 
CI 
The dissipative portion of the free energy, $ < S >  - 
considered to have the following form: 
in eqn (31, is 
Here 
virgin state So; thus, $ 2 0 as required. The linear relationships Ej = HS 
and L = h< result from eqns ( 5 )  and ( 6 > ,  where the hardening parameters H 
H > 0, h > 0, and < 2 To such that the equality holds only in the 
h 
w 
l and h act like elastic moduli. It fo l lows t h a t  t h e  back s t r e s s  i s  d e v i a -  
toric. In the virgin state So, E(O> = 0 and L(O> = Lo = hc0 2 0. 
111. Q-FORM THEORY 
The foundation of an Q-form theory of  viscoplasticity i s  the normality 
structure of a potential function Q. The advantage of this approach is that 
I the choice of two scalar-valued functions of state (i.e., $ and Q )  
I completely defines an elegant mathematical structure for viscoplasticity. The 
disadvantage is that the theory may be too restrictive. This approach results 
in a theory where inelastic strain rate strongly influences the evolution o f  
state, as is the case in creep of metals. The ensuing discussion does not 
address physical justification for the existence of the Q function; rather, 
it concentrates on the mathematical consequences of such a function. 
The theoretical development of R I C E  C19711 in modeling the local response 
of crystallographic slip and the experimental results o f  BROWN [19701 and 
ROBINSON C19761 on polycrystalline metals both support the relationship I 
8 
Imp lement ing  t h e  concepts of R i c e ' s  c r y s t a l l o g r a p h i c  t h e o r y  and c o n s i d e r i n g  
Bai ley-Orowan r e l a t i o n s h i p s  for t h e  e v o l u t i o n  of  i n t e r n a l  s t a t e ,  PONTER & 
LECKIE [19761 de termined t h a t  
B 
O n l y  t h e  k i n e m a t i c  v a r i a b l e  5 sha l  
assumed t h a t  t h e  p o t e n t i a l  f u n c t i o n  
o n l y  i n  t h e  s t r e s s - f r e e  v i r g i n  s t a t e  
L 
eqns (7) and (8) d e f  
The thermodynam 
be c o n s i d e r e d  a t  t h  s t i m e .  Here i t  i s  
Q(s,EJ> 2 0, t h a t  t h e  e q u a l i t y  i s  s a t i s f i e d  
(g ,Q>,  and t h a t  t h e  s e t  o f  a l l  p o s s i b l e  
s u r f a c e s  {a  = c o n s t a n t )  i s  composed of e lements  t h a t  a r e  convex, t h a t  a r e  
nes ted ,  and t h a t  c o n t a i n  t h e  o r i g i n  ( Q , Q >  i n  s t a t e  space (s,Ej>. Together ,  
ne a t h e o r y  o f  v i s c o p l a s t i c i t y .  
c c o n s t r a i n t  of m a t e r i a l  d i s s i p a t i v i t y ,  eqn (5>, becomes 
for t h e  R-form t h e o r y ,  and i s  a u t o m a t i c a l l y  s a t i s f i e d  because o f  t h e  p r o p e r t i e s  
ass igned to  t h e  p o t e n t i a l  f u n c t i o n  Q. Comparing eqns ( 5 )  and ( 9 )  makes i t  
a p p a r e n t  t h a t  t h i s  R-form t h e o r y  i s  b u t  a subset  o f  t h e  s e t  o f  a l l  thermodynam- 
i c a l l y  a d m i s s i b l e  t h e o r i e s  o f  v i s c o p l a s t i c i t y  t h a t  admi t  
internal state variable. 
5 as t h e i r  o n l y  - 
The s p e c i f i c  form o f  t h e  p o t e n t i a l  f u n c t i o n  t o  be c o n s i d e r e d  i s  
M ( E 2 )  + Pj(B2)] (10)  
where 0 > 0 i s  a d i f f u s i v i t y  parameter  (e .g . ,  an A r r h e n i u s  f u n c t i o n  o f  
t e m p e r a t u r e )  and b j ( C 2 )  2 0 and t j(62) 0 a r e  d i f f e r e n t i a b l e  m a t e r i a l  
f u n c t i o n s  such t h a t  t he  e q u a l i t i e s  h o l d  o n l y  when t h e i r  arguments a r e  z e r o .  
The n o t a t i o n  X2 = ( 2 1 3 )  X X de f i nes  t h e  square r o o t  o f  t he  second 
i n v a r i a n t  of X n o r m a l i z e d  for u n i a x i a l  d e f o r m a t i o n ,  where X r e p r e s e n t s  any 
d e v i a t o r i c  second-rank t e n s o r .  The d e v i a t o r i c  t e n s o r  d e f i n e d  by C = S - B i s  
4-7 
- - 
- 5 -  
9 -  
t h e  e f f e c t i v e  s t r e s s  t h a t  governs i n e l a s t i c  d e f o r m a t i o n ,  sometimes c a l l e d  t h e  
o v e r s t r e s s .  The i n t r o d u c t i o n  o f  t h i r d  i n v a r i a n t s  i n t o  t h i s  t h e o r y  wou ld  b r i n g  
about  h i g h e r  o r d e r  e f f e c t s ,  wh ich  a r e  n e g l e c t e d  i n  accordance w i t h  von M I S E S  
119131. The f i rst i n v a r i a n t s  a r e  z e r o  because b o t h  S and B a r e  d e v i a t o r i c .  
., - 
The f low and e v o l u t i o n a r y  e q u a t i o n s  t h a t  r e s u l t  from eqns ( 7 > ,  (81,  and 




( 1  l a >  
( l l b )  
where z ( Z 2 )  = d2/0 P = 1.5(aM/ar2) 2 0 i s  t h e  ZENER & HOLLOMON C19441 parameter 
and - R ( B 2 )  = 1.5(aN/aB2) 2 0 i s  t h e  thermal  r e c o v e r y  f u n c t i o n ,  such t h a t  t h e  
e q u a l i t i e s  h o l d  o n l y  when t h e i r  arguments a r e  z e r o .  The 
eqn ( l l a ) ,  i s  c o m p a t i b l e  w i t h  t h e  k i n e m a t i c  c o n s t r u c t s  o 
ZIEGLER 119591 i n  t h e  c l a s s i c a l  t h e o r y  o f  p l a s t i c i t y .  L 
e v o l u t i o n a r y  e q u a t i o n ,  eqn (lib), i s  c o m p a t i b l e  w i t h  t h e  
h y p o t h e s i s  f o r  c r e e p  (BA 
s t r u c t u r e  e v o l v e s  as t h e  
h a r d e n i n g  due t o  i n e l a s t  
t e r m  g i v e s  
Equat 
d i  s s i p a t i v  
f l ow  e q u a t i o n ,  
PRAGER 119491 and 
k e w i s e ,  t h e  
Bai ley-Orowan 
h a t  i s ,  t h e  i n t e r n a l  
between s t r a i n  
LEY 119261 and OROWAN [19471>;  
r e s u l t  o f  a c o m p e t i t i v e  p rocess  
c d e f o r m a t i o n  and thermal  r e c o v e r y  p r o g r e s s i n g  w i t h  
t i m e .  Whenever t h e  thermal  r e c o v e r y  t e r m  i s  n e g l e c t e d ,  t h e  t h e o r y  becomes one 
of ra te -dependent  or dynamic p l a s t i c i t y .  The presence of  t h e  thermal  r e c o v e r y  
t h e  t h e o r y  i t s  v i s c o u s  c h a r a c t e r i s t i c s .  
on ( 1 1 )  s a t i s f i e s  t h e  thermodynamic c o n s t r a i n t  o f  m a t e r i a l  
t y ,  eqn ( 9 > ,  s i n c e  
C 2  R ( B 2 )  
B2 i (12)  - + -  > o  
- 
i s  u n c o n d i t i o n a l l y  s a t i s f i e d .  
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( 1 2 )  
Choosing the functional dependence of z ( C 2 )  to be C2/K (where the drag 
stress K > 0 is a material constant governing strength) results in a theory 
of viscoplasticity without an explicit yield surface. On the other hand, 
choosing z (C2)  to depend on C2/Ky - 1 (where the threshold stress Ky > 0 
is a material constant denoting a yield strength, such that - 2 = 0 whenever 
12  
surface. Since the function Z(C2)  has vanishingly small values over a finite 
range in its argument for all known viscoplastic models, these models all 
possess the property of an implicit yield surface in the predicted response. 
This implicit yield strength (which is the observed yield in the predicted 
response) is typically an order in magnitude larger than the explicit yield 
strength defined by Ky 
those models that incorporate Ky. 
Ky> results in a theory o f  viscoplasticity that has an explicit yield 
(which is not observable in the predicted response) in 
I V .  NONLINEAR HARDENING 
The Q-form theory of viscoplasticity developed in the previous section 
produces linear-strain-hardening viscoplastic responses whenever thermal 
recovery e! is negligible compared with strain hardening 6 ; .  This disagrees 
with the experimental observation that the rate of strain hardening in metals 
typically diminishes with increasing deformation to an asymptotic rate in 
tensile tests at low homologous temperatures. That is, metals exhibit an 
evanescent strain-memory effect caused by a strain-induced recovery mechanism 
called dynamic recovery. A s  in the previous section, only the kinematic state 
variable 6 will be considered. Furthermore, this section will address only 
those deformations where thermal recovery can be neglected. 
- 
Two methodologies are commonly used to introduce nonlinear strain 
hardening into viscoplastic models. The first methodology introduces the 
evanescent strain-memory effect by adding a dynamic recovery term into the 
1 1 .  
e v o l u t i o n a r y  e q u a t i o n  for back s t r e s s ,  as advocated by CHABOCHE [19771. The 
second methodology i n c o r p o r a t e s  t h i s  e f f e c t  b y  l e t t i n g  t h e  h a r d e n i n g  parameter  
H i n  t h e  e v o l u t i o n a r y  e q u a t i o n  for back s t r e s s  become a h a r d e n i n g  f u n c t i o n  
H(B), as advocated by PONTER & LECKIE [19761. Both of these methodo log ies  
amend t h e  a-form t h e o r y  o f  t h e  p r e v i o u s  s e c t i o n ,  i n  t h a t  t h e y  b o t h  produce 
v i s c o p l a s t i c  responses w i t h  n o n l i n e a r  s t r a i n - h a r d e n i n g  c h a r a c t e r i s t i c s .  
- - 
Thermodynamical ly  a d m i s s i b l e  v i s c o p l a s t i c  t h e o r i e s  t h a t  c o n t a i n  these two 
I amendments a r e  c o n s t r u c t e d  i n  such a way t h a t  t h e y  a r e  i d e n t i c a l  i n  form fo r  
monotonic  and p r o p o r t i o n a l  l o a d i n g  c o n d i t i o n s .  T h i s  i s  done t o  p r o v i d e  a b a s i s  
f o r  compar ison.  These t h e o r i e s  p r e d i c t  v a s t l y  d i f f e r e n t  responses,  however, 
whenever t h e r e  i s  e i t h e r  a r e v e r s a l  or a n o n p r o p o r t i o n a l i t y  i n  t h e  l o a d i n g  
d i r e c t i o n .  The o b j e c t i v e  o f  t h i s  s e c t i o n  i s  t o  a s s e s s  w h i c h  of  t h e s e  two 
methodo log ies  f o r  i n c o r p o r a t i n g  n o n l i n e a r  s t r a i n  h a r d e n i n g  i n t o  t h e  t h e o r y  b e s t  
r e p r e s e n t s  known e x p e r i m e n t a l  o b s e r v a t i o n s .  T h i s  i s  accompl ished b y  p r e s e n t i n g  
I 
I t h e  two approaches and t h e n  compar ing them. 
Dynamic Recovery Methodology 
The dynamic r e c o v e r y  approach i n c o r p o r a t e s  t h e  evanescent  s t ra in-memory 
e f f e c t  by i n t r o d u c i n g  a dynamic r e c o v e r y  t e r m  i n t o  t h e  e v o l u t i o n a r y  e q u a t i o n  
f o r  back s t r e s s .  I n  p a r t i c u l a r ,  t h e  c o n s t i t u t i v e  e q u a t i o n s  f o r  t h i s  
v i s c o p l a s t i c  t h e o r y  ( w i t h  no  thermal  r e c o v e r y )  a r e  h y p o t h e s i z e d  t o  be 
and 
B B 
where H > 0 i s  t h e  h a r d e n i n g  parameter  and L > 0 i s  t h e  l i m i t  s t r e s s  ( w h i c h  
i s  c o n s i d e r e d  t o  be a m a t e r i a l  c o n s t a n t  i n  t h i s  s e c t i o n ) .  
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Note t h a t  t h e  f l ow  e q u a t i o n ,  eqn ( 1 3 a > ,  i s  i d e n t i c a l  t o  t h e  f low e q u a t i o n  
o f  t h e  Q-form t h e o r y ,  eqn ( l l a ) .  T h i s  i m p l i e s  t h a t  a flow p o t e n t i a l  for  
i n e l a s t i c  s t r a i n  r a t e  e x i s t s  f o r  t h i s  v i s c o p l a s t i c  t h e o r y .  (See eqn (71.1 
However, u n l i k e  t h e  Q-form t h e o r y ,  t h e  e v o l u t i o n a r y  e q u a t i o n  i n  t h i s  
v i s c o p l a s t i c  t h e o r y ,  eqn ( 1 3 b ) ,  cannot  be d e r i v e d  from a f low p o t e n t i a l  for  t h e  
g i v e n  f low e q u a t i o n .  The Q-form t h e o r y  enab les  t h e  e v o l u t i o n  o f  back s t r e s s  t o  
be d e r i v e d  from t h e  f low p o t e n t i a l  by  assuming t h a t  t h e  i n t e r n a l  s t r u c t u r e  
e v o l v e s  i n  a Bai ley-Orowan manner ( c f .  PONTER & LECKIE [19761>.  C l e a r l y ,  t h i s  
i s  n o t  t h e  case i n  eqn ( 1 3 b ) .  T h i s  does n o t  i m p l y  t h a t  t h e  t h e o r y  o f  
v i s c o p l a s t i c i t y  g i v e n  i n  eqn (13)  i s  t h e r m o d y n a m i c a l l y  i n a d m i s s i b l e .  On t h e  
c o n t r a r y ,  t h e  thermodynamic c o n s t r a i n t  o f  m a t e r i a l  d i s s i p a t i v i t y ,  eqn (51 ,  
becomes 
2 
k +  L ( F )  - > 0 (14)  
Steady s t a t e  o c c u r s  
v a l u e s .  Under t h i s  cond 
L i s  t h e  l i m i t i n g  v a l u e  
A g r a p h i c  i l l u s t r a t  
t i o n  fo r  eqn (13b 
o f  back s t r e s s  a t  
on  of t h e  dynamic 
and i t  i s  u n c o n d i t i o n a l l y  s a t i s f i e d .  
whenever t h e  i n t e r n a l  s t a t e  v a r i a b l e s  a t t a i n  s t e a d y  
, L = 62;  t h a t  i s ,  t h e  l i m i t  s t r e s s  
t h e  k i n e m a t i c  s a t u r a t i o n  o f  s t a t e .  
recovery concept i s  g i v e n  i n  F i g .  1 .  
The l i m i t i n g  s t a t e  o f  back s t r e s s  d e f i n e s  a h y p e r s u r f a c e  o f  r a d i u s  L i n  s t a t e  
space. Whenever t h i s  upper  bound i s  reached, a p e r f e c t l y  p l a s t i c l i k e  response 
i s  a t t a i n e d .  Fur thermore ,  t h e  i n e l a s t i c  s t r a i n  r a t e  ip becomes c o a x i a l  w i t h  
b o t h  t h e  s t r e s s  and t h e  back s t r e s s  E l ,  and t h e  n e s t e d  s e t  o f  f low s u r f a c e s  
{.E2 = c o n s t a n t }  becomes s t a t i o n a r y  u n t i  1 u n l o a d i n g  o c c u r s .  O t h e r w i s e  t h i s  s e t  
of f low s u r f a c e s  can t r a n s l a t e  f r e e l y  w i t h i n  t h e  bound ing  sur face ,  as governed 
by t h e  f low and e v o l u t i o n a r y  e q u a t i o n s .  
Harden ing  F u n c t i o n  Methodology 
The h a r d e n i n g  f u n c t i o n  approach i n c o r p o r a t e s  t h e  evanescent  s t ra in-memory 
e f f e c t  b y  making t h e  h a r d e n i n g  parameter  H a h a r d e n i n g  f u n c t i o n  H ( B > ,  w h i l e  - - 
r e t a i n i n g  t h e  s t r u c t u r e  o f  t h e  R- form 
c o n s i d e r i n g  a Legendre t r a n s f o r m a t i o n  
d e f i n e d  i n  eqn (3), c a u s i n g  a change 
t h e o r y .  T h i s  i s  accompl ished by 
o f  t h e  d i s s i p a t i v e  f r e e  energy  +ts> 
n v a r i a b l e s ;  t h a t  ' i s ,  
h 
and t h e r e f o r e  = -a(p/ani i n  accordance w i t h  
fl = {q,q, . . . ,  wn} 
i n t e r n a l  s t a t e  v a r i a b l e s  S = {SI .52.. . . .Sn). 
i s  t h e  s e t  o f  thermodynamic 
S -i 
eqn ( 4 ~ ) .  Here 
( 1 5 )  
The p a r t i c u l a r  form of '0 t o  be c o n s i d e r e d  i s  
f o r c e s  c o n j u g a t e  t o  t h e  s e t  o f  
( 1 6 )  
g i v i n g  r i s e  t o  t h e  d e s i r e d  r e l a t i o n s h i p  = B / t j ( B > ,  where B i s  f i n i t e  and 
H ( B >  > 0 i s  t h e  s c a l a r - v a l u e d  h a r d e n i n g  f u n c t i o n .  Note t h a t  H ( B >  must be 
independent  o f  s t r e s s  u i n  o r d e r  f o r  t h e  e l a s t i c  response t o  be independent  
o f  i n t e r n a l  s t a t e ,  as e s t a b l i s h e d  i n  eqn ( 1 ) .  
- - -  - 
- - - 
- 
The r e s u l t i n g  v i s c o p l a s t i c  t h e o r y  i s  t h e  Q-form t h e o r y  o f  eqn ( 1 1 )  w i t h  
H r e p l a c e d  by !(E>. T h i s  g e n e r a l i z e d  R- form t h e o r y  i s  t h e r m o d y n a m i c a l l y  
a d m i s s i b l e  s i n c e  t h e  c o n s t r a i n t  o f  m a t e r i a l  d i s s i p a t i v i t y ,  eqn ( 1 2 > ,  i s  
- 
unchanged and remains u n c o n d i t i o n a l l y  s a t i s f i e d .  H e r e ,  as i n  t h e  development 




A Compari son 
To f a c i l i t a t e  a compar ison between these two m e t h o d o l o g i e s ,  i t  
t o  c o n s i d e r  t h e  s p e c i a l  h a r d e n i n g  f u n c t i o n  
- H = H  
where H and L a r e  t h e  same m a t e r i a  
e v o l u t i o n a r y  e q u a t i o n  f o r  back s t r e s s  
8 = H i  P
..4 
-HI B2 
c o n s t a n t s  f o u n d  i n  eqn ( 1 3 )  
s g i v e n  by 
for t h e  dynamic r e c o v e r y  approach and by 
B - * P  - H r e 2  
i s  u s e f u l  
( 1 7 )  
Thus, t h e  
( 1  8a) 
f o r  t h e  h a r d e n i n g  f u n c t i o n  approach.  
d i f f e r e n c e  i n  t h e  l a s t  t e r m  of these two e q u a t i o n s ,  wh ich  i s  t h e  f o c u s  o f  o u r  
a t t e n t i o n  for t h e  r e s t  of t h i s  s e c t i o n .  
eqn ( 1 7 )  was chosen i n  such a way t h a t  t h e  dynamic r e c o v e r y  approach and t h e  
h a r d e n i n g  f u n c t i o n  approach a r e  n e a r l y  e q u i v a l e n t .  I n  f a c t ,  t h e y  a r e  i d e n t i c a l  
under  monotonic  and p r o p o r t i o n a l  l o a d i n g  c o n d i t i o n s .  Thermal r e c o v e r y  i s  b e i n g  
n e g l e c t e d  i n  t h i s  s e c t i o n ,  so as t o  s i m p l i f y  t h e  d i s c u s s i o n .  
There i s  a s u b t l e  b u t  s i g n i f i c a n t  
N o t i c e  t h a t  t h e  h a r d e n i n g  f u n c t i o n  i n  
The h a r d e n i n g  f u n c t i o n  approach i s  known t o  produce too s t r o n g  o f  a 
Bauschinger  e f f e c t .  To overcome t h i s  f a u l t ,  ROBINSON [19781 a s s i g n s  
i n e q u a l i t i e s  t o  t h e  h a r d e n i n g  f u n c t i o n  H(B) 
when c r o s s i n g  s p e c i f i e d  boundar ies  i n  s t a t e  space. 
so t h a t  i t  becomes d i s c o n t i n u o u s  - 
To i l l u s t r a t e  t h i s  p o i n t ,  
a x i a l  l o a d i n g .  Here eqn (18a)  reduces i t  i s  u s e f u l  t o  cons 
t o  
d e r  t h e  case o f  un 
= H i p  - H P ( k p I  L ( 1  9a) 4 
1 5  
for the dynamic recovery approach, and eqn (18b) reduces to 
for the hardening function approach, where 0 = B l l  and tp = ip These 
equations are equivalent in the loading domain of region I of Fig. 2; however, 
they differ in the unloading domain of region 11. 
1 1 '  
In region 11, the terms on 
the right-hand side of eqn (19a) become additive; whereas the terms in 
eqn (19b) continue to compete against each other. For this reason, the back 
stress evolves much faster in region I1 for the dynamic recovery approach, 
eqn (19a>, than it does 
illustrated in Fig. 2. 
of the excessive Bausch 
methodology. Equations 
H(B> = H - H(Bz/L)sgn(B. - - - 
for the hardening function approach, eqn (19b>, as 
The slower evolution of the back stress is the cause 
nger effect exhibited by the hardening function 
(19a) and (19b) could be made identical by considering 
1) instead o f  eqn (17>, where s g n 0  is the signum - 
function. This is analogous to assigning an inequality to the hardening 
function, as advocated by ROBINSON [19781. But this particular hardening 
function is not admissible, since H must be independent of stress (recall 
that c = S - B). Thus, the dynamic recovery approach is preferred over the 
its ability to account for the 
- - -  
hardening function approach with 
Bauschinger effect. 
For nonproportional loading 
eqn (18a>, predicts that the ine 
both the stress S and the back 
state B2 = L (Fig. 1). On the 
- 
regards to 
conditions the dynamic recovery approach, 
astic stra n rate EP becomes coaxial with 
stress B at the kinematic saturation o f  
contrary, no specified coaxiality can be 
- 
- 
ascertained under nonproportional loading conditions at the kinematic 
saturation of state for the hardening function approach eqn ( 1 8 b ) .  The two- 
16 
surface theory of plasticity (DAFALIAS & POPOV 119751 and KRIEG 119753) is 
based on the experimental observation that a limit surface exists with 
normality-governed inelastic strain rate (cf. PHILLIPS C19861). Contained 
within this limit surface is the actual yield surface, which kinematically 
translates. The dynamic recovery methodology is consistent with this 
experimental observation; the hardening function methodology is not. In fact, 
the dynamic recovery approach is an extension of the two-surface theory from 
plasticity to viscoplasticity (cf. CHABOCHE & ROUSSELIER 119833). Thus, the 
dynamic recovery approach is again preferred over the hardening function 
approach. 
for nonproportional behavior at the kinematic saturation of state in the 
relative absence of thermal recovery. 
This time, the preference is with regards to its ability to account 
It is important to point out that if thermal recovery (i.e., -BHR(Bz)B/B2) - 
was considered in eqn (18 ) ,  then these two methodologies would be equivalent 
with regards to their ability to account for thermally activated creep behavior 
under nonproportional loading conditions. 
For the reasons just discussed, the dynamic recovery methodology is 
preferred over the hardening function methodology. 
V .  ISOTROPIC HARDENING 
The current philosophy for incorporating isotropic hardening into an 
otherwise kinematic theory of viscoplasticity is to normalize the effective 
stress g = - e with a scalar-valued state variable K called the drag 
stress (cf. WALKER [19811>, such that - Z ( Z 2 / K )  = &!/e. 
relationship becomes X 2  = KL-’(i;/B), which finds C2 proportional to K .  A 
similar result is obtained when a yield surface is introduced, such that 
Z ( C  /K - 1) = &!/e where 
threshold stress. This is not a particularly desirable situation since there 
Upon inversion, this 
K i s  a scalar-valued state variable called the 
- 2 Y  Y 
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a r e  an i n f i n i t e  number of p a i r s  (g,K> (or ( & , K  > >  t h a t  s a t i s f y  t h i s  e q u a t i o n  
f o r  any g i v e n  v a l u e  of i!/O ( c f .  KREMPL - -  e t  a l .  119861). Which i s  t h e  c o r r e c t  
p a i r  depends on  t h e  h i s t o r y  and, t h e r e f o r e ,  o n  t h e  e v o l u t i o n  o f  i n t e r n a l  s t a t e .  
Y 
B u t  p r o p e r  c h a r a c t e r i z a t i o n  o f  t h e  e v o l u t i o n  of i n t e r n a l  s t a t e ,  p a r t i c u l a r l y  
i t s  thermal  r e c o v e r y  a s p e c t s ,  i s  a d i f f i c u l t  t a s k  because C2 i s  p r o p o r t i o n a l  
t o  K .  
The f o l l o w i n g  i s  a nove l  approach f o r  i n c o r p o r a t i n g  i s o t r o p i c  h a r d e n i n g  
i n t o  an o t h e r w i s e  k i n e m a t i c  t h e o r y  o f  v i s c o p l a s t i c i t y ,  such t h a t  Z ( E  ) = k p / e .  
I - 2  
I That  i s ,  t h e r e  i s  n o  c o u p l i n g  o f  t h e  k i n e m a t i c  and i s o t r o p i c  s t a t e  v a r i a b l e s  i n  
t h e  Zener-Hollomon parameter  - Z .  I n s t e a d ,  t h e  c o u p l i n g  i s  i n t r o d u c e d  i n  t h e  
e v o l u t i o n a r y  e q u a t i o n  for back s t r e s s  B. I n  p a r t i c u l a r ,  i t  i s  h y p o t h e s i z e d  
t h a t  t h e  c o n s t i t u t i v e  e q u a t i o n s  for t h i s  theory of v i s c o p l a s t i c i t y  a r e  
- 
and 
(20c > L . 1  - h =  L = - E : $ - e g L )  
g i v e n  t h a t  8 > 0, H > 0, h > 0, L ( Z 2 )  = ig/e 1. 0, and x ( L >  2 0, such t h a t  i n  
t h e  s t r e s s - f r e e  v i r g i n  s t a t e  E(0) = 0, L ( O >  = 0, r < O >  = 0, and ~ ( 0 )  = 0. I n  
t h i s  t h e o r y ,  t h e  back s t r e s s  E and t h e  l i m i t  s t r e s s  L a r e  t h e  i n t e r n a l  
v a r i a b l e s .  The t h e o r y  i n  eqn (20) i s  a g e n e r a l i z a t i o n  t o  t h e  t h e o r y  i n  
eqn ( 1 3 > ,  i n  t h a t  t h e  l i m i t  s t r e s s  now e v o l v e s .  
The f low e q u a t i o n ,  eqn ( 2 0 a ) ,  i s  t h e  same flow e q u a t i o n  d e r i v e d  i n  t h e  
%form t h e o r y ,  eqn ( l l a ) .  There fore ,  a f low p o t e n t i a l  fo r  i n e l a s t i c  s t r a i n  
r a t e  (eqn ( 7 ) )  e x i s t s  f o r  t h i s  v i s c o p l a s t i c  t h e o r y  
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The evolutionary equation for back stress, eqn (20b), is the same as 
eqn (13b). except that the limit stress is no longer a material constant. At 
first glance, there appears to be no thermal recovery of the back stress, but 
this is false conjecture. Thermal recovery has the physical effect of 
shrinking the limit surface in Fig. 1 .  This can be modeled in one of two ways. 
First, the limit stress can diminish because of thermal recovery. Or, second, 
a separate thermal recovery term can be included in the evolutionary equation 
for back stress. Both methods lead t o  thermal recovery in the -6 direction, 
Both effectively shrink the limit surface in Fig. 1 .  By allowing L to 
- 
thermally recover (as in eqn (20)) the thermal recovery of B .becomes - 
implicit. This results in a desirable simplification in the structure of this 
viscoplastic theory since there is no coupling between dynamic and thermal 
recovery terms in each evolutionary equation. 
The evolutionary equation for limit stress, eqn (ZOc), is of the Bailey- 
Orowan form, where work hardening competes against thermal recovery. In 
concept, the limit stress L differs from the drag stress K (or the threshold 
stress Ky> of conventional viscoplastic theories. Both are strength 
parameters. But L is more like an ultimate strength; whereas K is more 
like a yield strength. In particular, L is a measure o f  at the kinematic 
saturation o f  state, where ip, s,  and are all coaxial (Fig. 1). The work 
hardening term in eqn (20~) 
derived from an Q-form theory (based on that in Section 111) that incorporates 
: ip/L 2 0 is equivalent to what would be 
both a back stress and a drag stress. 
The viscoplastic theory of eqn (20) is thermodynamically admissible since 
the constraint of material dissipativity, eqn ( 5 > ,  becomes 
and i t  i s  u n c o n d i t i o n a l l y  s a t i s f i e d .  
* C : Qp/L ,  as t h e  measure f o r  i s o t r o p i c  h a r d e n i n g  ( w h i c h  i s  t y p i c a l l y  done i n  
v i s c o p l a s t i c  t h e o r i e s  ( c f .  WALKER [19811))  one would o b t a i n  
+ 2 [ r ( L >  - - - Z(C2)l/3E(C2) 0 as t h e  c o n d i t i o n  f o r  m a t e r i a l  d i s s i p a t i v i t y .  B u t  
t h i s  i n e q u a l i t y  i s  o n l y  s a t i s f i e d  c o n d i t i o n a l l y ,  and t h e r e f o r e  t h e  c h o i c e  o f  
6 ;  i s  u n d e s i r a b l e .  
I f  one were t o  choose e ! ,  i n s t e a d  o f  
2 C2/L + (B2/L)  
Thermal r e c o v e r y ,  as p r o v i d e d  i n  eqn (ZO), i s  capab le  o f  d r i v i n g  b o t h  t h e  
back s t r e s s  and t h e  l i m i t  s t r e s s  t o  z e r o ,  which d e f i n e s  t h e  v i r g i n  s t a t e .  I n  a 
ne ighborhood o f  t h e  v i r g i n  s t a t e ,  L must e v o l v e  f a s t e r  t h a n  B2 i f  t h e r e  i s  
t o  be an evanescent  s t ra in-memory e f f e c t .  T h i s  i s  c e r t a i n l y  s a t i s f i e d  t h r o u g h  
t h e  c h o i c e  o f  : k P / L  fo r  t h e  h a r d e n i n g  r a t e  o f  L. T h i s  c h o i c e  a l s o  
i m p l i e s  t h a t  thermal  r e c o v e r y  o f  i n f i n i t e  s t r e n g t h  i s  r e q u i r e d  t o  keep an 
i n i t i a l l y  v i r g i n  m a t e r i a l  i n  a v i r g i n  s t a t e  d u r i n g  d e f o r m a t i o n .  Such a 
c o n d i t i o n  r e s u l t s  i n  a v i s c o e l a s t i c l i k e  f l u i d  response,  and p r o b a b l y  o n l y  
e x i s t s  i n  t h e  m o l t e n  s t a t e  f o r  m e t a l s .  Thus, i n  a l l  l i k e l i h o o d ,  
p o l y c r y s t a l l i n e  m e t a l s  a r e  p r o b a b l y  n o t  i n  a v i r g i n  s t a t e  a t  any i n i t i a l  
c o n d i t i o n  o f  p r a c t i c a l  i n t e r e s t  ( i . e . ,  Lo > 0) as unders tood w i t h i n  t h i s  
t h e o r e t i c a l  f ramework.  
V I .  CONCLUDING REMARKS 
The s t r u c t u r e  of a v i s c o p l a s t i c  t h e o r y  has been d e r i v e d  from b o t h  p h y s i c a l  
and thermodynamical  c o n s i d e r a t i o n s .  The development began by c o n s i d e r i n g  an 
R-form t h e o r y ,  from which  t h e  flow e q u a t i o n  and an e v o l u t i o n a r y  e q u a t i o n  f o r  
back s t r e s s  were d e r i v e d .  
a l t e r e d  t o  i n t r o d u c e  an evanescent  strain-memory e f f e c t  t h r o u g h  t h e  a d d i t i o n  
o f  a dynamic r e c o v e r y  t e r m .  T h i s  approach was deemed s u p e r i o r  t o  t h a t  o f  
i n t r o d u c i n g  a n o n l i n e a r  h a r d e n i n g  f u n c t i o n .  A un ique h y p o t h e s i s  was t h e n  
The s t r u c t u r e  o f  t h i s  e v o l u t i o n a r y  e q u a t i o n  was 
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considered for isotropic hardening (i.e., the limit stress (not the drag 
stress) is considered to be the scalar-valued state variable). This led to a 
desirable simplification in the structure of the theory. That is, there is no 
coupling between the kinematic and isotropic state variables in the flow 
equation, and there is no coupling between dynamic and thermal terms in each 
evolutionary equation. The final result is a theory of viscoplasticity with 
adequate capabilities for modeling polycrystalline metals. This theory has 
the structure of a two-surface theory of plasticity when the response is 
plasticlike, and the structure of a Bailey-Orowan theory of creep when the 
response i s  creeplike. 
Before the theory can be used to model a material or a class of materials, 
specific forms for the material functions need to be determined. The intent of 
this paper, however, has been to focus on the underlying structure of a 
viscoplastic theory. 
that are compatible with this theory are left for future research. 
The development and use of specific viscoplastic models 
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Experiment I n p u t  o u t p u t  S t r u c t u r e  
t 
B2 = L 
( A )  STATE SPACE REPRESENTATION. 
A r o  
0 .  P 
I 
SURFACE 
(B) UNIAXIAL REPRESENTATION WHERE 
O = al l  = Sl l ,  = Bll, AND E' = E t 1 .  
FIGURE 1. - SCHEWTIC REPRESENTATION OF THE DYNAMIC 
RECOVERY OF BACK STRESS. 
= P  
I 
(A) STATE SPACE REPRESENTATION. L I N E  0 = P RE- 
PRESENTS THE ELASTIC DOMAIN GIVEN THAT Z(%/K) 
SINCE EP = 0 THERE. 
(B) STRESS-STRAIN REPRESENTATION. 
FIGURE 2. - SCHEMATIC COMPARISON OF THE DYNAMIC RECOVERY 
APPROACH DR OF EQN ( 1 9 ~ )  AND THE HARDENING FUNCTION 
LOADING WHERE O = 011 = Sll, P = Bll, AND E = E l l .  
APPROACH HF OF EQN (19B) FOR TENSILE LOADING AND UN- 
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